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Abstract: This paper addresses the issues of the input-to-state stability (ISS) and integral input-to-state stability (iISS) for a
class of switched nonlinear systems. Based on a piecewise Lyapunov function method, some sufficient conditions are explicitly
given to guarantee the ISS and iISS of the switched nonlinear system under a certain class of switching signals, respectively.
Moreover, the Lyapunov function considered in this paper decays in a more general form, which is presented as the negative
definite function of the state instead of just some negative multiple of the Lyapunov function. This gives a more general sufficient
conditions of input-to-state stability for switched nonlinear systems.
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1 Introduction

Switched nonlinear systems consisting of a family of non-
linear subsystems and a logical rule that handles the switch-
ing between the subsystems constitute a very popular field
of current scientific research [1]-[4]. The motivation for re-
searching such systems comes partly from the fact that they
have a wide range of applications in fields like power con-
verters [5], disk drives [6], and many other fields. Another
source of motivation for studying such systems comes from
the rapid developing of switching control [7]-[9].
On the other hand, input-to-state stability, which signi-

fies that the dynamic behavior of the system should remain
bounded when its inputs are bounded, and should tend to e-
quilibrium when inputs tend to zero, is a very popular and
useful tool for studying robustness of nonlinear control sys-
tems influenced by external inputs [10]-[12]. In [13], inte-
gral input-to-state stability, a natural generation of ISS, was
proposed. ISS and iISS have been widely explored in a va-
riety of dynamical systems ranging from impulsive systems
[14]-[15] to switched systems [16]-[18], etc. For instance,
the ISS property is studied for discrete systems and for im-
pulsive systems in [20] and [14], respectively. In [21], the
ISS concept is generalized to a class of hybrid systems.
In this work, we would like to establish ISS and iISS of

switched nonlinear systems. Compared to trajectory-based
method employed in [19] which requires the precise esti-
mation of system state, the contribution of this paper lies
in the fact that the piecewise Lyanuov function method is
employed to deal with the ISS and iISS of switched non-
linear systems. It is noted that the solution of a nonlinear
control system may not be easy to be available because the
complexity of the dynamic behaviors. Second, the Lyanuov
function in this paper is only required to be decay in a more
general form. This gives new general sufficient conditions
of input-to-state stability and integral input-to-state stability

This work was supported by the Chinese National Fundamental Re-
search Program under Grant 2009CB320601 and National Natural Science
Foundation of China under Grants 61233002 and 61174073.

for switched nonlinear systems.
The paper is organized as follows. The problem formu-

lation is stated in Section 2, followed by the main results in
Section 3. The paper is concluded by section 4.
Notations. Let R denote the set of real numbers, R+ the
set of nonnegative real numbers and Rn the n-dimensional
real space. Let N denote the set of nonnegative integers and
N+ = N\{0}. The symbol |·| stands for the Euclidean norm
of a real vector, or the induced Euclidean norm of a matrix.
a⊕ b denotesmax{a, b} for any a, b ∈ R. r(∗) denotes the
largest integer less than or equal to ∗. A function γ : R+ →
R+ is of classK if it is continuous, zero at zero, and strictly
increasing. It is of classK∞ if it is of classK and unbound-
ed. A function β : R+ ×R+ → R+ is of classKL if β(·, t)
is of class K for each fixed t ≥ 0 and β(s, ·) is decreasing
to zero for each fixed s ≥ 0. A function η : R+ → R+ is
positive definite if it is zero at zero and positive elsewhere.
Given a measurable function u ∈ Rm, we define its infinity
norm ||u||∞ :=esssupt≥0 |u(t)|. If we have ||u||∞ < ∞,
then we write u ∈ Lm

∞. If
∫ +∞

0
σ(|u(s)|)ds < +∞ then we

write u ∈ Lm
σ .

2 Problem formulation
In this paper, we consider the following switched nonlin-

ear system:

ẋ = fσ(t)(x(t), u(t)), t ≥ 0 (1)

where x(0) = ξ is the initial state; u(t) ∈ Rm is the
input function; σ(t) : [0,∞) → M = {1, 2, ...,m}
is the switching signal. Corresponding to the switching
signal σ(t), we have the switching sequence Σ = {ξ :
(i0, t0), ..., (ik, tk), ...|ik ∈ M,k ∈ N}, which means that
the ikth subsystem, called a mode, is activated when t ∈
[tk, tk+1); fik : Rn × Rm → Rn is locally Lipschitz and
fik(0, 0) = 0. The switching sequence Σmay or may not be
infinite. In the first case, we may take tn+1 = ∞, with all
further definitions and results will be valid. The system (1) is
called forward complete if for any ξ ∈ Rn and any measur-
able and locally essentially bounded function u the solution
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of (1) exists for all t ≥ 0. We assume that no jump occurs
in the state at a switching time and that only finitely many
switchings can occur in any finite interval. The 0-input sys-
tem associate to system (1) is by definition the system with
no inputs ẋ(t) = fσ(t)(x(t), 0).
We recall the following standard definitions:
Definition 1:[22] System (1) is said to be ISS if there exist

a function β ∈ KL and a function σ ∈ K such that for all
ξ ∈ Rn and all u ∈ L∞, we have

|x(t)| ≤ β(|ξ|, t) + σ(||u[0,t]||∞), ∀t ≥ 0. (2)

Remark 1: In inequality (2), let t = 0 and u(t) = 0, then
it follows that |ξ| ≤ β(|ξ|, 0). That is, the following property
holds for anyKL function β satisfying (2) and any s ∈ R+

β(s, 0) ≥ s. (3)

Definition 2:[22] System (1) is said to be iISS if there exist
a function β ∈ KL and function α ∈ K∞, σ ∈ K such that
for all ξ ∈ Rn and all u ∈ Lσ, we have

α(|x(t)|) ≤ β(|ξ|, t) +

∫ t

0

σ(|u(s)|)ds, ∀t ≥ 0. (4)

To give the stability property of system (1), we consid-
er the following piecewise Lyapunov function V (x(t)) =
Vσ(t)(x(t)), ik ∈ M , where Vik (x(t)) is continuously dif-
ferentiable function. For each ik ∈ M , define the upper
right-hand derivative of Vik(x(t)) with respect to ikth mode
of system (1) as follows:

D+Vik (x(t)) = lim
h→0+

sup
Vik (x(t+ h))− Vik (x(t))

h
, (5)

where x(t) is the solution of ikth mode of system (1).
Definition 3:[23] A continuously differentiable function

Vik(x(t)) : Rn → R+ is called an iISS-Lyapunov func-
tion for the mode ik of system (1) if there exist functions
α1, α2 ∈ K∞, γ ∈ K , and a continuous positive definite
function νik , such that:

α1(|x(t)|) ≤ Vik(x(t)) ≤ α2(|x(t)|) (6)

for all x(t) ∈ Rn and

D+Vik (x(t), u(t)) ≤ −νik(|x(t)|) + γ(|u(t)|) (7)

for all x(t) ∈ Rn and all u(t) ∈ Lm
σ .

Lemma 1:[24] Suppose that for each mode ik of system
(1) with u(t) = 0 there exist functions α1, α2 ∈ K∞, and a
continuous positive definite function νik , and a continuously
differentiable functions Vik (x(t)) : R

n → R+ such that for
all x(t) ∈ Rn and all ik ∈ M ,

α1(|x(t)|) ≤ Vik(x(t)) ≤ α2(|x(t)|), (8)
D+Vik(x(t)) ≤ −νik(|x(t)|). (9)

Then, along the trajectory of the mode ik of system (1)
with u(t) = 0, we have

Vik(x(t)) ≤ βik(Vik (ξ), t), (10)

where βik ∈ KL.

Lemma 2:[23] Assume that for each mode ik of system
(1), it admits an iISS-Lyapunov function Vik(x(t)). Then,
along the trajectory of the mode ik of system (1), we have

Vik(x(t)) ≤ βik(Vik (ξ), t) +

∫ t

0

2γ(|u(s)|)ds. (11)

where βik ∈ KL is associated to νik in Definition 3.
3 Main results
In this section, we first consider the 0-GAS of system (1),

that is, the global asymptotical stability of the 0-input system

ẋ(t) = fσ(t)(x(t), 0), t ≥ 0. (12)

Let ΔTik = inf
j
{tje,ik − tjs,ik} > 0, where tjs,ik and t

j
e,ik

denote the jth starting time and the jth ending time of mode
ik, ik ∈ M . Similar to [19], we suppose that ΔTik are large
enough such that for any s ∈ R+, we have

μβik(μβij (s,ΔTij ),ΔTik) ≤ λs < s, ∀ik, ij ∈ M (13)

where 0 < λ < 1 and βik satisfies condition (10).
Theorem 1: Consider the switched system (12). Suppose

there exist functions α1, α2 ∈ K∞, continuous positive def-
inite function νik , ik ∈ M , and a piecewise Lyapunov func-
tion V (x(t)) = Vσ(t)(x(t)), and constants μ ≥ 1 such that
for all x ∈ Rn and all ik, ij ∈ M , k 
= j, k, j ∈ N ,
(i)α1(|x(t)|) ≤ Vik (x(t)) ≤ α2(|x(t)|),
(ii)D+Vik (x(t)) ≤ −νik(|x(t)|),
(iii)Vik(x(t)) ≤ μVij (x(t)).
Then the switched system (12) is 0-GAS for any switching

signal satisfying (13).
Proof: By introduction, we shall show that for any t ∈

[tk, tk+1), k ∈ N , when k is even,

V (x(t)) = Vik (x(t))

≤ βik(λ
lV (ξ), t− tk), (14)

when k is odd,

V (x(t)) = Vik (x(t))

≤ βik(μβik−1
(λlV (ξ),ΔTik−1

), t− tk),(15)

where l = r(k2 ).
First, by Lemma 1, on t ∈ [tk, tk+1), it is directly obtained

from condition (ii)

Vik (x(t)) ≤ βik(Vik (x(tk)), t− tk), (16)

which implies

Vik(x(t
−
k+1)) ≤ βik(Vik (x(tk)),ΔTik) (17)

where βik ∈ KL.
When k = 0, that is just [t0, t1) with t0 = 0, it follows

from (16) and (17) that for ∀t ∈ [t0, t1)

Vi0(x(t)) ≤ βi0(V (ξ), t), (18)
Vi0(x(t

−
1 )) ≤ βi0(V (ξ),ΔTi0). (19)

Combining (19) with condition (iii), it can be derived
that, for t ∈ [t1, t2),

Vi1 (x(t)) ≤ βi1(Vi1 (x(t1)), t− t1)

≤ βi1(μβi0(V (ξ),ΔTi0 ), t− t1). (20)
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Next, suppose that for ∀t ∈ [tk−1, tk), k ∈ N+, when
k− 1 is even, (14) holds. When k− 1 is odd, (15) holds. We
will show that (14) and (15) hold for t ∈ [tk, tk+1), k ∈ N+

as well, for even k and odd k, respectively.
When k is odd, from (14), we have

Vik−1
(x(t−k )) ≤ βik−1

(λlV (ξ),ΔTik−1
). (21)

Therefore, by condition (iii), for t ∈ [tk, tk+1), k is odd,

Vik(x(t))

≤ βik(Vik (x(tk)), t− tk)

≤ βik(μβik−1
(λlV (ξ),ΔTik−1

), t− tk). (22)

Similarly, when k is even, it can be checked that (14) holds
for t ∈ [tk, tk+1). Then, if the switching sequence Σ is
infinite, for any t ∈ [tk, tk+1), k ∈ N , (14) and (15) lead to

V (t) = Vik (x(t))

≤ max{βik(λ
lV (ξ), t− tk),

βik(μβik−1
(λlV (ξ),ΔTik−1

), t− tk)}

≤ max{βik(λ
lV (ξ), 0),

βik(μβik−1
(λlV (ξ), 0), 0)}

≤ βik(max{λlV (ξ), μβik−1
(λlV (ξ), 0)}, 0)

≤ βik(μβik−1
(λlV (ξ), 0), 0)

≤ β(V (ξ), t) (23)

where β(V (ξ), t) = max
ik �=ij ,ik,ij∈M

βik(μβij (λ
lV (ξ), 0), 0).

Note that l = r(k/2) is an increasing function of t and
l → ∞ as t → ∞. Then, consider λ < 1 and βik ∈ KL, it
is clear that β(V (x(ξ)), t) is a KL function.
In view of condition (i), it is clear that

|x(t)| ≤ α−1
1 (β(α2(|ξ|), t)). (24)

where α−1
1 (β(α2(|ξ|), t)) ∈ KL. It gives the 0-GAS of sys-

tem (12).
On the other hand, if the switching sequence Σ is finite

with tn+1 = ∞, for t ∈ [tn,∞), n ∈ N , (14) and (15)yields

V (t) = Vin(x(t))

≤ βin(μβin−1
(λlV (ξ), 0), t− tn)

≤ β̄(V (ξ), t− tn) (25)

where β̄(V (ξ), t − tn) = βin(μβin−1
(λlV (ξ), 0), t− tn) is

aKL function by Lemma 2.
For this case, in view of condition (i), it can be derived

that

|x(t)| ≤ α−1
1 (β̄(α2(|ξ|), t)). (26)

where α−1
1 (β̄(α2(|ξ|), t)) ∈ KL. It gives the 0-GAS of sys-

tem (12).
The proof is completed.
The second result is concerned with ISS property of sys-

tem (1).
Theorem 2: Consider the switched system (1). Suppose

there exist functions α1, α2 ∈ K∞, ρ ∈ K , continuous posi-
tive definite function νik , ik ∈ M , and a piecewise Lyapunov

function V (x(t)) = Vσ(t)(x(t)), and constants μ ≥ 1 such
that for all x ∈ Rn and all ik, ij ∈ M , k 
= j, k, j ∈ N ,
(i)α1(|x(t)|) ≤ Vik (x(t)) ≤ α2(|x(t)|),
(ii)D+Vik (x(t)) ≤ −νik(|x(t)|),
∀x(t) ∈ Rn, u(t) ∈ Lm

∞ : |x(t)| ≥ ρ(|u(t)|),
(iii)Vik(x(t)) ≤ μVij (x(t)).
Then the switched system (1) is ISS for any switching sig-

nal satisfying (13).
Proof: The lines of a part of the proof of the main theorem

in [17] is followed here. For t ≥ 0, let ϑ(t) := ρ(||u[0,t]||∞)

and ξ(t) = α−1
1 (β(α2(ϑ(t)), 0)). Furthermore, introduce

the set Bϑ(t) := {x(t) : |x(t)| ≤ ϑ(t)}. The definition
implies ϑ is non-decreasing function of time, and therefore
the ball Bϑ has non-decreasing volume. If |x(t)| ≥ ϑ(t) ≥
ρ(|u(t)|) during some time interval t ∈ [t′, t′′], then the fol-
lowing is true

|x(t)| ≤ α−1
1 (β(α2(|x(t

′)|), t− t′))

:= β̄(|x(t′)|, t− t′). (27)

To see why this is true, consider the function Vσ(t)(x).
On any interval [tk, tk+1) ∩ [t′, t′′], condition (ii) yield-
s D+Vik(x) ≤ −νik(|x|), then according to (10), it
can be derived that Vik(x(t)) ≤ βik(Vik(x(tk)), t − tk).
In view of condition (iii), we have Vik+1

(x(tk+1)) ≤
μβik(Vik (x(tk)), tk+1 − tk) and thus, for any t ∈ [t′, t′′],
by the proof of theorem 1, it holds Vσ(t)(x(t)) ≤
β(Vσ(t′)(x(t

′)), t− t′).
Let ť1 := inf{t ≥ 0 : |x(t)| ≤ ϑ(t)}. For 0 ≤ t ≤ ť1, we

get |x(t)| ≤ β̄(|ξ|, t). If ť1 = ∞, which only can happen if
ϑ(t) ≡ 0 since β̄ ∈ KL. Then (2) is established and thus the
switched system (1) is ISS. Hence in the following we only
consider the case where ť1 < ∞.
Let t̂1 := inf{t > ť1 : |x(t)| > ϑ(t)}. If this is an empty

set, let t̂1 := ∞. Clearly, for all t ∈ [ť1, t̂1), it holds that
|x(t)| ≤ ϑ(t) ≤ ξ(t), which can be seen by the following

ξ(t) = α−1
1 (β(α2(ϑ(t)), 0))

≥ α−1
1 (α2(ϑ(t)))

≥ ϑ(t). (28)

For the case that t̂1 < ∞, by the continuity of x(·) a-
long with the monotonicity of ϑ(·), it has |x(t̂1)| = ϑ(t̂1).
Furthermore, for all τ > t̂1, if |x(τ)| > ϑ(τ) define
t̂ := sup{t < τ : |x(t)| ≤ ϑ(t)}. Again, due to the same
argument as above, one obtains that |x(t̂)| = ϑ(t̂). Then,
according to (27), it holds that

|x(τ)| ≤ α−1
1 (β(α2(|x(t̂)|), τ − t̂))

= α−1
1 (β(α2(ϑ(t̂)), τ − t̂))

≤ α−1
1 (β(α2(ϑ(t̂)), 0))

= ξ(t̂)

≤ ξ(τ). (29)

Summarizing the above, for all t ≥ ť1, it holds that

|x(t)| ≤ ξ(t)

= α−1
1 (β(α2(ϑ(t)), 0))

= α−1
1 (β(α2(ρ(||u[t0,t]||∞)), 0))

= σ(||u[t0,t]||∞). (30)
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Combining (27) with (30), it gives

|x(t)| ≤ β̄(|ξ|, t) + σ(||u[t0,t]||∞) (31)

for all t ≥ 0. It gives that system (1) is ISS.
The proof is completed.
Remark 2: Compared to trajectory-based method em-

ployed in [19] to study the ISS of switched nonlinear sys-
tems which requires the precise estimation of system state,
the contribution of this paper lies in that the piecewise Lyan-
uov function method is employed to deal with the ISS and
iISS of switched nonlinear systems.
It is well known that iISS is a weaker notion of ISS and

can be characterized by a weaker Lyapunov condition. In a
similar spirit, we will formulate the sufficient condition to
guarantee the iISS of system (1). We suppose that ΔTik are
large enough such that for any s ∈ R+, we have

μβik(2μβij (2s,ΔTij ),ΔTik) ≤ λ̄s < s, ∀ik, ij ∈ M (32)

where 0 < λ̄ < 1 and βik satisfies condition (11).
Theorem 3: Consider the switched system (1). Suppose

there exist functions α1, α2 ∈ K∞, γ ∈ K , continuous
positive definite function νik , ik ∈ M , and a piecewise Lya-
punov functionV (x(t)) = Vσ(t)(x(t)), and a constantμ ≥ 1
such that for all x ∈ Rn, u ∈ Lm

σ and all ik, ij ∈ M ,
k 
= j, k, j ∈ N ,
(i)α1(|x(t)|) ≤ Vik(x(t)) ≤ α2(|x(t)|),
(ii)D+Vik(x(t)) ≤ −νik(|x(t)|) + γ(|u(t)|),
(iii)Vik(x(t)) ≤ μVij (x(t)).
Then the switched system (1) is iISS for any switching

signal satisfying (32).
Proof: For notational brevity, define Gt

tk
=∫ t

tk
2γ(|u(s)|)ds, and letGik denoteG

tk+1

tk
. In the following

proof, the fact β(r1 + r2, s) ≤ β(2r1, s)⊕ β(2r2, s) will be
employed for any KL function β and for any nonnegative
constants r1 and r2. By introduction, we shall show that for
any t ∈ [tk, tk+1), k ∈ N , when k ≥ 2, and k is even,

V (x(t)) = Vik(x(t))

≤ βik(2λ̄
lV (ξ), t− tk)⊕

βik(2μβik−1
(2λ̄l−1μGi0 ,ΔTik−1

), t− tk)⊕

βik(2λ̄
l−1μGi1 , t− tk)⊕ · · · ⊕

βik(2μβik−1
(2μGik−2

,ΔTik−1
), t− tk)

⊕βik(2μGik−1
, t− tk) +Gt

tk
, (33)

when k ≥ 2, and k is odd,

V (x(t)) = Vik(x(t))

≤ βik(2μβik−1
(2λ̄lV (ξ),ΔTik−1

), t− tk)

⊕βik(2λ̄
lμGi0 , t− tk)⊕

βik(2μβik−1
(2λ̄l−1μGi1 ,ΔTik−1

), t− tk)

⊕βik(2λ̄
l−1μGi2 , t− tk)⊕ · · · ⊕

βik(2μβik−1
(2μGik−2

,ΔTik−1
), t− tk)⊕

βik(2μGik−1
, t− tk) +Gt

tk
(34)

where l = r(k2 ).
First, by Lemma 2, there exists a KL-function βik such

that, for t ∈ [tk, tk+1),

Vik(x(t)) ≤ βik(Vik (x(tk)), t− tk) +Gt
tk
. (35)

According to condition (iii), it can be derived that

Vik+1
(x(tk+1)) ≤ μβik(Vik(x(tk)),ΔTik)

+ μGik . (36)

When k = 0, that is just [t0, t1) with t0 = 0, it follows
from (35) and (36) that for ∀t ∈ [t0, t1)

Vi0(x(t)) ≤ βi0(V (ξ), t) +Gt
0. (37)

Combining (35), (36) with (37), it is straightforward to
verify that, for t ∈ [t1, t2),

Vi1(x(t)) ≤ βi1(Vi1(x(t1)), t− t1) +Gt
t1

≤ βi1(μβi0(V (ξ),ΔTi0) + μGi0 , t− t1)

+ Gt
t1

≤ βi1(2μβi0(V (ξ),ΔTi0), t− t1)

⊕βi1(2μGi0 , t− t1) +Gt
t1
,

Vi2(x(t2)) ≤ μβi1(2μβi0(V (ξ),ΔTi0),ΔTi1)

⊕μβi1(2μGi0 ,ΔTi1) + μGi1

≤ λ̄V (ξ)⊕ μβi1(2μGi0 ,ΔTi1) + μGi1 .(38)

Therefore, thanks to (35), we have, for t ∈ [t2, t3)

Vi2(x(t)) ≤ βi2(2λ̄V (ξ), t− t2)⊕

βi2(2μβi1(2μGi0 ,ΔTi1), t− t2)⊕

βi2(2μGi1 , t− t2)

+Gt
t2
. (39)

Similarly, for t ∈ [t3, t4), we can derive

Vi3(x(t)) ≤ βi3(2μβi2(2λ̄V (ξ),ΔTi2), t− t3)

⊕βi3(2λ̄μGi0 , t− t3)⊕

βi3(2μβi2(2μGi1 ,ΔTi2), t− t3)

⊕βi3(2μGi2 , t− t3) +Gt
t3
. (40)

Next, suppose that for ∀t ∈ [tk−1, tk), k ∈ N+, when k ≥
3, k is even, (33) holds. When k ≥ 3, k is odd, (34) holds.
We will show that (33) and (34) hold for t ∈ [tk, tk+1), k ∈
N+, k ≥ 3 as well, for even k and odd k, respectively.
When k is odd, (33) along with (36) yields

Vik (x(tk)) ≤ μβik−1
(2λ̄lV (ξ),ΔTik−1

)⊕

μβik−1
(2μβik−2

(2λ̄l−1μGi0 ,

ΔTik−2
),ΔTik−1

)⊕

μβik−1
(2λ̄l−1μGi1 ,ΔTik−1

)⊕ · · · ⊕

μβik−1
(2μβik−2

(2μGik−3
,ΔTik−2

),

ΔTik−1
)⊕ μβik−1

(2μGik−2
,ΔTik−1

)

+μGik−1
. (41)

Then, combining above inequality with (35), we have at
once (34) for t ∈ [tk, tk+1), k ∈ N+, k ≥ 3 and k is odd.
Similarly, when k is even, it can be checked that (33) holds
for t ∈ [tk, tk+1), k ≥ 3. This completes the induction
arguments.
If the switching sequence Σ is infinite, for any t ∈

[tk, tk+1), k ∈ N , from (33) and (34), we replace Gij , j =
0, 1, ..., k − 1 and Gt

tk
with Gt

0, and notice that for any
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a, b ∈ R+, a ⊕ b ≤ a + b, and λ̄ < 1, we can further
obtain

V (x(t)) ≤ max{βik(2λ̄
lV (ξ), 0)⊕ βik(2μβik−1

(2μGt
0,

0), 0)⊕ βik(2μG
t
0, 0) +Gt

0, βik(2μβik−1

(2λ̄lV (ξ), 0), 0)⊕ βik(2μG
t
0, 0)⊕

βik(2μβik−1
(2μGt

0, 0), 0) +Gt
0}

≤ βik(2μβik−1
(2λ̄lV (ξ), 0), 0)

+βik(2μβik−1
(2μGt

0, 0), 0) +Gt
0,

≤ β(V (ξ), t) + β(Gt
0, 0) +Gt

0 (42)

where

β(V (ξ), t) = max
ik �=ij ,ik,ij∈M

βik(2μβij (2λ̄
lV (ξ), 0), 0), (43)

β(Gt
0, 0) = max

ik �=ij ,ik,ij∈M
βik(2μβik−1

(2μGt
0, 0), 0). (44)

Note that l = r(k/2) is an increasing function of t and
l → ∞ as t → ∞. Consider λ < 1, and βik ∈ KL, it
is clear that β(V (x(ξ)), t) is a KL function. Furthermore,
for any fixed t, we can choose a positive constant c such that
β(Gt

0, 0) ≤ cGt
0. Hence, the inequality above will be

V (x(t)) ≤ β(V (ξ), t) +

∫ t

0

2(c+ 1)γ(|u(s)|)ds. (45)

In view of condition (i), it is clear that

α1(|x(t)|) ≤ β(α2(|ξ|), t) +

∫ t

0

2(c+ 1)γ(|u(s)|)ds. (46)

It gives the iISS of system (1).
On the other hand, if the switching sequence Σ is finite,

similar to the proof of Theorem 1, it can be easily shown that
system (1) is iISS.
The proof is completed.

4 Conclusion
This paper have investigated the issues of the input-

to-state stability and integral input-to-state stability for
switched nonlinear systems via piecewise Lyapunov func-
tion method. The Lyapunov function considered in this pa-
per decays in a general form, which is presented as the pos-
itive definite function of the state. This gives new general
sufficient conditions of input-to-state stability and integral
input-to-state stability for switched nonlinear systems. The
results for switched nonlinear systems presented in this pa-
per can be extended to impulsive and switched nonlinear sys-
tems, which may have potential applications for networked
control systems.
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